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ABSTRACT: A number of elementary Monte Carlo moves are introduced for branched chain molecules.
More specifically, branch point flip brings about a displacement in space of a branch point and its
neighboring atoms in the molecule without change in the connectivity. Furthermore, branch point
slithering allows for branch point displacement along the backbone; in this case, the size of the branches
involved is changed. Finally, the flip move is extended to a dimer and is further generalized to an n-mer
segment. The new Monte Carlo moves are used together with previously developed moves for the study
of structure and volumetric properties of melts composed of symmetric triarm star polyethylenes of
different arm lengths in a united atom representation. It is shown that the new moves result in very
efficient relaxation of the macromolecules and, in particular, of their branch points. Comparisons are
made against simulation results and experimental data for linear and branched polyethylene. The
agreement between experimental data and Monte Carlo simulation for the melt density is good in all
cases.

1. Introduction

In-depth understanding of molecular mechanisms and
phenomena that affect macroscopic properties of poly-
mers is crucial for the optimal design of novel materials
for a variety of applications. A number of experimental
methods, such as small-angle neutron scattering (SANS),
small-angle X-ray scattering (SAXS), small-angle light
scattering (SALS), and solid-state NMR, have advanced
to a level that enables detailed elucidation of polymer
microscopic structure.1-6 Most of these methods are still
quite expensive to use and require special pretreatment
of the material. For the case of polyolefin blends, for
example, deuteration of one of the components is needed
in order to identify the signal of each component.

On the other hand, molecular simulation is a reliable
tool for the determination of molecular structure and
calculation of macroscopic thermodynamic, transport,
mechanical, electrical, and other properties. In this way,
accurate structure-property relationships can be es-
tablished. Polymer systems have very long character-
istic times for molecular relaxation that cannot be
captured using brute force molecular dynamics. An
alternative widely used method for such purposes is
Monte Carlo simulation. In this case, appropriate
“elementary” moves are needed so that important
configurations are sampled efficiently.

In recent years, a number of elementary moves were
designed specifically for long chain molecules. In the
reptation move, an end segment of a randomly selected
chain is cut off and appended to the other end with a
randomly selected torsion angle.7 In the configurational
bias (CB) method, a terminal part (on the order of three

to six segments) of a randomly selected chain is excised
and removed. Subsequently, the removed part is re-
grown segment by segment in a biased way, by account-
ing for the energetic interactions with neighboring
segments in the same or different chains. The bias
introduced in this case is removed from the system using
appropriate acceptance criteria.8-10 Finally, in the flip
move an inner atom of the chain is displaced along the
locus defined by the lengths of the two bonds adjacent
to the atom.11 This move introduces local fluctuations
in the configuration of chain molecules. It requires little
computing time and has a large acceptance ratio.

As the chain size increases, efficient relaxation of the
internal part of macromolecules becomes an important
issue. A solution to the problem was proposed by
Theodorou and co-workers based on the concerted
rotation (CONROT) move.12,13 In the general formula-
tion of CONROT, a randomly selected internal trimer
of skeletal atoms of the chain is excised. The two atoms
neighboring the excised trimer are displaced through
randomly selected changes to both torsion angles neigh-
boring the trimer on its two sides. Finally, the trimer
is reconstructed. In total, five skeletal segments are
relocated and eight torsion angles are modified.

CONROT was further extended to moves involving
multiple chains: in the end-bridging (EB) move12,13 and
recently in the double-bridging (DB) move.14 These are
very effective in sampling the long-range characteristics
of long chains. The EB move induces polydispersity in
the system a priori, and so a semigrand canonical
ensemble formulation is required to control the chain
length distribution. On the other hand, the DB move
can be designed to preserve monodispersity. Using these
very efficient moves, relaxation of important structural
quantities, such as end-to-end distance and radius of
gyration, for polymers of large molecular weight is
possible.15 Recently, intramolecular double bridging was
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applied to H-shaped polymers (in short, H-BR move).16

In all the moves proposed so far (with the exception
of H-BR), emphasis is given on the relaxation of the
linear part of the chain molecule. This work focuses on
long-branched polymers and, more specifically, on the
efficient relocation of the branch point(s). Monte Carlo
moves for the simulation of short-branched alkanes (e.g.,
methylalkanes) were proposed previously.17,18 A number
of new elementary moves are proposed for this purpose.
The moves are developed for the semigrand canonical
statistical ensemble and applied to a number of triarm
star polyolefin melt systems at various temperatures.
Efficient relaxation of the branch points and of the
entire molecules is achieved. Microscopic structure and
thermodynamic properties are reported for these
branched polymers and compared to molecular simula-
tion results for linear polyolefins. Finally, PVT proper-
ties for the triarm star polyolefin melts are reported.

2. Elementary Bridging Moves
The concept of local conformational rearrangement of

complex molecules was introduced by Goj and Scheraga
more than 30 years ago.19 In the 1990s and 2000s,
Theodorou and co-workers12-15,20 extended this concept
to continuum Monte Carlo simulation proposing the
elementary moves known as CONROT, EB, and DB. In
all cases, the underlying geometric problem is the
determination of all possible ways to arrange in space
a group of atoms, while preserving a prescribed bonded
geometry to the rest of the system. In CONROT, the
specific problem of reconfiguring an internal trimer of
a molecule under the constraints of prescribed bond
lengths and bond angles is solved.

Recently, Wu and Deem21 proposed a more general
methodology for the displacement of an internal part
of a molecule through the implementation of inverse
kinematics techniques developed in robotics for ma-

nipulations with the general spatial 7-link 7R mecha-
nism. This formulation involves a module (mechanism)
consisting of a sequence of seven pairs of vectors (joints
and links). Every two successive vectors are perpen-
dicular to each other and all together form a closed loop.
With this configuration, it is possible to represent a
manipulator in robotics or part of a chain molecule in
atomistic simulation. The configuration of the chain
molecular part is defined by six degrees of freedom and
by six geometric constraints (bond lengths and bond
angles), specifying how it is connected to the rest of the
chain. The geometric problem solved by Wu and Deem
is the following: “Given two atoms in a chain that are
at least four rotatable bonds apart, find all possible
configurations for the molecular segment in between the
two atoms that satisfy the molecular constraints (bond
lengths, bond angles, and any additional constraints).”

The molecular bridging methodology discussed above
can be generalized to multiple chains, so that intramo-
lecular as well as intermolecular bridging can occur.
Depending on the position of the bridging part on the
chain, one may have an end-bridging or an internal
bridging move. Finally, a single bridge or a double
bridge may be implemented, depending on the number
of bridges that are formed simultaneously. In Figure 1,
a schematic representation of various intramolecular
and intermolecular bridging moves based on the con-
cepts discussed here is shown. Obviously, a wealth of
moves can be designed, depending on the system of
interest and on the researcher’s creativity.

In this work, two new bridging moves are intro-
duced: the branch point slithering (BPS) and the branch
point flip (BPF). All working equations are formulated
in the semigrand canonical statistical ensemble, sym-
bolized here by (N, n, P, T, µ*), where N is the total
number of chains in the system, n is the total number
of atoms, P is the pressure, T the temperature, and µ*

Figure 1. Schematic representation of various intramolecular and intermolecular bridging moves.
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is a set of relative chemical potentials for all the chain
species except two, which are taken as reference spe-
cies.13 The probability density function for this ensemble
is

where ri is the position vector of atom i, U is the
potential energy function of the system, V is the volume,
and â ) 1/(kBT), with kB being the Boltzmann constant.

The use of this ensemble is necessary in order to
control the polydispersity of the system introduced by
moves such as end-bridging.13

2.1. Acceptance Criteria. The starting point for the
derivation of the acceptance criterion of a Monte Carlo
move is the microscopic reversibility equation:22

where a(ifj) is the conditional attempt probability of
going from state i to state j, A(ifj) is the conditional
acceptance probability of going from state i to state j,
and P(i) is the probability of the system being in state i.
Subscripts o and n denote old and new states, respec-
tively.

Conditional attempt probability a(ifj) may include a
number of bias selections to enhance subsequent ac-
ceptance of the move. The overall weight introduced due
to this fact is

where w′ is the weight introduced from a single biased
selection.

An appropriate Jacobian must be introduced to cal-
culate P(o) and P(n) correctly when moving between
different coordinate systems describing the phase space.
If q is selected as the coordinate system, the a priori
probability of the system being in state i is

where Fi is the normalized probability density function
in Cartesian space determined by the statistical en-
semble in use. Elementary volumes in Cartesian space
and in q-space around state i are related by dri ) Ji
dq.

The terms a(ifj) are determined for the specific move.
If the move consists of more than one independent steps,
then the overall probability a(ifj) as well as the Jacobian
are calculated as products of the corresponding quanti-
ties for each step:

From eqs 2-4, the generalized Metropolis acceptance
criterion is obtained by imposing the condition of
microscopic reversibility:

The acceptance probability is

Equation 5 is further elucidated below for the two new
elementary moves introduced here.

2.2. Branch Point Flip (BPF) and Branch Point
Slithering (BPS). To relax the branch point of a chain
molecule without the use of moves that alter drastically
the connectivity of its atoms, two new moves are
introduced here: the BPF and the BPS. Both moves are
applicable to branch points with functionality 3.

During the BPF move, shown schematically in Figure
2, the branch point is flipped in one of three possible
ways, corresponding to the three branches. Each way
involves rotation about the axis defined by a pair of
atoms adjacent to the branch point, keeping bond
lengths fixed. In each case, the first atom of the third
branch (i.e., the branch that does not contain any of the
atoms in the axis pair) is reconstructed by selecting the
two bond angles that define its position with respect to
the branch point and the axis pair. Subsequently, a
rebridge scheme is applied in order to reconnect that
atom with the fifth atom of the third branch. In this
way, the positions of the second through the fourth atom
of the branch are changed. This procedure is called
branch attachment scheme (BrAS). It should be noted
that all derivations shown in this paper assume a
constant bond length model for simplicity but remain
equally valid for the case of flexible bond models. When
flexible bond models are used, it is most convenient to
perform a biased preselection of all bond lengths to be
used in each move according to the Boltzmann factors
of the corresponding bond stretching potentials.

Some important specifics of the move are described
below.

• During the BrAS step the two bond angles that
determine the position of the first atom of the third
(moved) branch are selected according to the Boltzmann
factor of the bending potential. From these angles two
possible atom positions are calculated, one of which is
selected at random. Thus, the weight introduced is

where θbp,k
j (k ) 2, 3) are the bond angles θbp,2 and θbp,3

at the branch point (see Figure 3) in the j state.

• During the bridge step the five bond angles defining
the trimer position are selected according to the Boltz-
mann factor of the bending potential. Subsequently, the
solution s is selected among the possible bridging

a(ofn)A(ofn)FoJo dq ) a(nfo)A(nfo)FnJn dq

A(ofn) ) min(1,

∏
s)1

no. of steps

a(nfo),sFn ∏
s)1

no. of steps

Jn,s

∏
s)1

no. of steps

a(ofn),sFo ∏
s)1

no. of steps

Jo,s
) (5)

wBrAS(ifj) ) exp[-â ∑
k)2,3

Ubend(θbp,k
j )]

1

2
(6)

FNnPTµ*(r1,r2,...,rn; connectivity) ∝

exp[â ∑
k)1

k*ref chain
species

m

µk
/Nk - âPV -

âU(r1,r2,...,rn; connectivity)] (1)

a(ofn)A(ofn)P(o) ) a(nfo)A(nfo)P(n) (2)

w(ifj) ) ∏
k)1

no. of biased
selections

w′(ifj),k

Pi ) FiJi dq (3)

a(ifj) ) ∏
s)1

no. of steps

a(ifj),s and Ji ) ∏
s)1

no. of steps

Ji,s (4)
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solutions, based on the Boltzmann factor of the corre-
sponding torsional energy:

where θbr,k
j is the bond angle k involved in the bridge

leading to the j state, æm,k
j is the torsion angle k of the

m solution for the j state, and æs,k
j denote the torsion

angles of the selected solution.
For the flip step, a transformation of the coordinates

of the flipped atom is considered:

where ω is the rotational angle that controls the position
of atom 2 on its locus [circle C defined by the fixed-
length bonds 2 and 3, see Figures 3 and 4]. The
corresponding Jacobian, JF, depends only on the bond
lengths b2 and b3 and the bond angle θ2 of the moved
atom, which are not changed (see Appendix A). Accord-
ingly, the Jacobian is eliminated from the acceptance
criterion.

To evaluate the Jacobian for the transformation of
coordinates for the BrAS, that is {rq} f {bq,θbp,2,θbp,3},
the coordinates of the q atom (Figure 3) are expressed
in the local Flory frame of the backbone bond b3, so that
with the origin at the branch point

Figure 2. Schematic representation of the BPF (top) and BPS (bottom) moves.

Figure 3. Detailed geometry for branch point (atom 2).
During the slip step in BPF, atom 2 is rotated around the axis
defined by atoms 1 and 3. Atom q is the first atom in the moved
branch. A bond connecting atoms i - 1 and i is denoted as
bond i. The bond connecting atom q to the branch point is
denoted as bond q.

Figure 4. Schematic representation of the single flip move
(where θ′i ) π - θi).

x′q ) -bq cos(θbp,3)

y′q )
bq

sin(θ2)
[cos(θbp,2) + cos(θ2) cos(θbp,3)]

z′q ) (
bq

sin(θ2)

[1 - cos2(θ2) - cos2(θbp,2) - cos2(θbp,3) -
2 cos(θ2) cos(θbp,2) cos(θbp,3)]

1/2 (9)

wbridge(ifj) ) exp [-â∑
k)1

5

Ubend(θbr,k
j )]

exp[-â∑
k)1

6

Utor(φs,k
j )]

∑
m)1

no. of solutions

exp[-â∑
k)1

6

Utor(φm,k
j )]

(7)

{r2} f {b2,b3,ω} (8)
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By applying straightforward trigonometric equations,
one obtains

If Nbp
i is the number of branch points of the system in

state i, then the attempt probability for the BPF move
is

because the branch point that participates in the move
is randomly selected and there are three possible ways
for flip.

Inserting eqs 6-11 in eq 5 and considering that the
number of branch points in the system is constant, the
acceptance criterion for BPF move becomes

where JBr is the Jacobian for the bridge step. JBr is
a quite lengthy expression and can be found else-
where.13,15,20,23

The BPS move was developed on the basis of the
concept that a branch point can slither along the
“backbone” defined by any two of the branches attached
to it (see Figure 2). Slithering of the branch point is
constrained by the molecular weight distribution of the
branches. Once the branch point is displaced, the third
branch is reconnected to the backbone using the BrAS.
The first atom of the branch is constructed by using the
corresponding bond length and the two bond angles.
Relaxation of the atoms in the vicinity of the branch
point is achieved using standard moves such as flip, DF,
and CONROT.

The attempt probability for the BPS move is equal to

where ns is the number of positions (atoms) to which
the branch point is allowed to move in each direction
along the “backbone” of the molecule. Equation 13
accounts for the random selection performed with
respect to (a) the branch point that is going to partici-
pate in the move, (b) the different branches adjacent to
a given branch point, (c) the direction of slithering, and
(d) ns (here, ns ) 1 or 2). The acceptance criterion for
BPS is the same with that of the BPF move, given in
eq 12.

2.3. Dimer Flip (DF). The DF move is an extension
of the simple flip move.11 Development of this move is
motivated by the need for a larger number of fluctuating
degrees of freedom during a single move. The flip move
can be extended further to n atoms, so that reconnection
of segments of the same or different chains within a
force field using flexible bond angles can be achieved.

In Figure 5, the DF move is illustrated schematically.
The position of atom 3 is altered by changing torsional
angle ω3 that defines the atom position on the circle C3,
which constitutes the intersection of a sphere S1 cen-
tered at r1 with radius |b2 + b3| and sphere S2 centered
at r4, of radius b4. Note that during the DF construction
the distance l13 between atoms 1 and 3 and bond length
b4 are kept equal to their old values. Once the position
of atom 3 has been fixed, the position of atom 2 is
changed by applying a simple flip move (i.e., by chang-
ing angle ω2 that defines the position of atom 2 on the
circle C2, which is the locus of this atom for given bond
lengths b2 and b3). In the implementation of the move,
a transformation is performed from the Cartesian
coordinates of the dimer to a set of variables attached
to the dimer: {r2,r3} f {b2,b3,ω2,l13,b4,ω3}. For this
reason, a Jacobian is introduced in the acceptance
criterion of the move:

The evaluation of the Jacobian is given in Appendix B.
The acceptance criterion is calculated easily from eqs 1
and 5, taking into account that no bias weights are
introduced in the move:

with

where Nch is the number of chains in the system and
nch,DF is the number of atoms of the selected chain that
can participate in the move.

The n-mer flip move can be performed by applying
the following methodology for atom i, i ) 2, ..., n + 1:
Given the positions of atoms 1 (r1) and i + 1 (ri+1) and
the distances |ri - r1| and |ri+1 - ri|, atom i is displaced
on the periphery of the circle Ci which is the locus of
positions for atom i given the constraints imposed by
the molecular architecture. This displacement is brought
about by changing the rotational degree of freedom ωi.

3. Simulation Details
In this work, melts of symmetric triarm star polyeth-

ylene chains of various lengths were simulated. The
mean arm lengths examined were 40, 100, and 200
carbon atoms. The numbers of chains in the simulation

JBrAS ) | ∂rq

∂(bq,θbp,2,θbp,3)|
)

bq
2 sin(θbp,2) sin(θbp,3)

[1 - cos2(θ2) - cos2(θbp,2) - cos2(θbp,3) -
2 cos(θ2) cos(θbp,2) cos(θbp,3)]

1/2

(10)

a(ifj) ) 1
Nbp

i
1
3

(11)

A(ofn) ) min(1,
wBrAS(nfo)wbridge(nfo)FnJBrAS,nJBr,n

wBrAS(ofn)wbridge(ofn)FoJBrAS,oJBr,o
)

(12)

a(ifj) ) 1
Nbp

i
1
3

1
2

1
ns

(13)

Figure 5. Schematic representation of the DF move. The
atoms that are displaced are 2 and 3.

JDF )
∂(r2,r3)

∂(b2,b3,ω2,l13,b4,ω3)
(14)

A(ofn) ) min(1,
a(nfo)FnJDF,n

a(ofn)FoJDF,o
) (15)

a(ifj) ) 1
Nchnch,DF

(16)
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box were 16, 6, and 4, respectively. In all cases, the
pressure was set equal to 0.1 MPa, whereas various
temperature values were examined. A typical Monte
Carlo simulation run consisted of the following moves:
6% reptation, 3% rotation, 3% DF, 20.5% CONROT, 43%
end-bridge, 0.5% volume fluctuation, 12% BPF, and 12%
BPS. For the PVT properties simulations were per-
formed at 450, 475, 500, 525, and 550 K and 0.1 MPa.
In this case the move blend consisted of 6% reptation,
3% rotation, 3% DF, 20.5% CONROT, 41.5% end-bridge,
2% volume fluctuation, 12% BPF, and 12% BPS. All
runs were performed on AMD Athlon MP 1800+ pro-
cessors. For comparison, MC simulations of linear
polyethylene were also performed.

In all cases the force field employed was TraPPE, an
accurate united atom (UA) force field developed for
thermodynamic properties of linear and branched al-
kanes and later extended to other classes of organic
compounds.18,24 In TraPPE bond lengths are kept con-
stant, whereas bond angle bending and dihedral angle
torsions are calculated using appropriate expressions.
Finally, nonbonded intra- and intermolecular interac-
tions are calculated from the Lennard-Jones potential
with parameters fitted to saturated liquid density and
vapor pressure experimental data.

For nonbonded interactions the Lennard-Jones po-
tential was truncated at r ) 2.5σ for all types of
interactions. The branch molecular weight (bMW) dis-
tribution was uniform in the interval [Xh (1 - ∆), Xh (1 +
∆)] with ∆ ) 0.5 and Xh the mean bMW. The relative
chemical potential was set equal to zero for all the
branches that satisfy the bMW distribution and minus
infinity in all other cases.

4. Results and Discussion

4.1. Structural Characteristics. To test that DF
was properly implemented in the MC code, a linear C60
phantom chain (that is a chain with only bond angle
bending interactions) was simulated at 450 K. The MC
simulation consisted of 2 × 106 moves with 2% reptation
and 98% DF, only. These moves alter both the bond
angles and the torsional angles.

The normalized distribution of the bond angles, as
obtained from the linear phantom chain simulations,
is shown in Figure 6. For comparison, the theore-
tical distribution (∝ sin(θ) exp[-âUbend(θ)]) calcu-
lated from the TraPPE force field is plotted. The two
sets of calculations coincide over the entire spectrum of
bond angle values. Furthermore, the normalized
distribution of torsion angles in the linear phantom
chain is shown in Figure 7 together with the theoreti-
cally expected uniform distribution. In a phantom
chain, all torsion angle values are equally prob-
able. Indeed, the moves used do not impose any bias in
the torsion angle distribution; this provides a strong
indication that the moves have been implemented
properly.

The proper implementation of the two new moves for
the branch point, that is BPF and BPS, was evaluated
through the simulation of a symmetric triarm C60
phantom chain (three arms of 20 UA each) at 450 and
500 K. In this case, the run consisted of 2 × 106 MC
moves composed of 2% reptation, 10% CONROT, 44%
BPF, and 44% BPS.

From eq 10 it is clear that the bond angles around a
branch point (triad) are coupled. In the case of a
phantom chain, the probability for the bond angle triad
is given by the equation

with the angles θ2, θbp,2, and θbp,3 being functions of the
coordinates of atoms 3 and q (Figure 3). Upon applica-
tion of the trivial transformation from the Cartesian
coordinates of atom 3 to the Flory coordinates25 (b3, θ2,
æ2), with æ2 being the dihedral angle of atoms 0, 1, 2,
and 3, the equation above yields

Figure 6. Normalized distribution of the bond angle centered
at the -CH2- UA for a linear phantom chain C60 at 450 K.
The run size was 2 × 106 moves, and the moves used were 2%
reptation and 98% DF. The solid line corresponds to the
theoretical distribution based on the force field, and the points
are simulation results.

Figure 7. Normalized distribution of the torsional angle
around the -CH2-CH2- bond for a linear phantom chain C60
at 450 K. The run size was 2 × 106 moves, and the moves used
were 2% reptation and 98% DF. The dashed line corresponds
to the ideal uniform distribution, and the solid line is the
simulation results (the two lines practically coincide).

P(θ2,θbp,2,θbp,3) ∝ exp[-âUbend(θ2)]

∏
i)2

3

exp[-âUbend(θbp,i)] dr3 drq (17)

P(θ2,θbp,2,θbp,3) ∝ exp[-âUbend(θ2)]

∏
i)2

3

exp[-âUbend(θbp,i)]JFloryJBrAS dφ2 dθ2 dθbp,2 dθbp,3

(18)
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with JFlory ) ∂(r3)/∂(b3,θ2,æ2) ) b3
2 sin(θ2) being the

Jacobian of transformation to Flory coordinates. Sub-
stituting eq 10 in eq 18, we finally obtain

This equation is symmetric with respect to the three
bond angles, as expected. The probability distribution
F for each of the bond angles is given by the equation

In Figure 8, the collective normalized distribution of
the three bond angles around the branch point is shown
at two temperatures, together with the theoretical
distribution calculated from the TraPPE force field for
branched hydrocarbons18 using eqs 19 and 20. In both
cases, the two sets of calculations coincide. In Figure 9,
the collective normalized distribution of the three
torsional angles around the 〉CH-CH2- bonds is shown
for the same system at 450 K. The probability density
is constant, independent of the torsional angle value,
as expected for a phantom chain. This provides a strong
indication that both BPF and BPS are implemented
properly with respect to molecular architecture con-
straints.

MC simulations in the (N, n, P, T, µ*) ensemble were
performed on melts of symmetric triarm star C600
chains, of mean molar mass 8402 g mol-1. The temper-
ature was set equal to 450 K and the pressure to 0.1
MPa. A total number of 5 × 107 MC moves were
attempted. The blend of the moves was discussed in the
simulation details section. In Table 1, the acceptance
ratio for the various moves is shown. With the exception
of the end-bridging move (EB), all other moves exhibit

significant acceptance ratios. Interestingly, the DF move
has only 10% lower acceptance than the simple flip move
and so should be preferred over the simple flip, since it
allows simultaneous rearrangement of two atoms in-
stead of only one. For comparison, the acceptance ratio
is shown for MC simulations of melts of symmetric
triarm chains of smaller length (C120 and C300) at the
same conditions. No significant change is observed with
respect to the size of the chain molecules examined.

The ability of the elementary moves utilized to
provide uniform sampling of all branch lengths allowed,
based on the chemical potential values imposed, is
assessed in Figure 10. The mean carbon number per
branch is 200 and ∆ ) 0.5, so that the allowable branch
size is between 100 and 300 carbon numbers. The
distribution of the size of each branch is shown, together
with the average distribution over all three branches.
In all cases, all branch sizes exhibit the same probability

Figure 8. Collective normalized distribution of the three bond
angles around the branch point for a symmetric triarm star
C60 phantom chain (three arms of 20 UA each) at 450 and 500
K. The solid line corresponds to the distribution based on eq
20, and the points are simulation results.

Figure 9. Normalized distribution of the torsional angles
around the 〉CH-CH2- bonds for a triarm C60 phantom chain
(three arms with 20 UA each) at 450 K. The dashed line
corresponds to the uniform ideal distribution, and the solid
line is the simulation data (the two lines practically coincide).

Figure 10. Probability distribution of the size of each of the
three branches and of their average in a melt of triarm
symmetric C600 star chains with ∆ ) 0.5 at 450 K and 0.1 MPa
from a MC simulation of 5 × 107 moves.

Table 1. Percentage Acceptance of MC Moves for Triarm
Symmetric Star C120, C300, and C600 Chain Melts at 450 K

and 0.1 MPa

carbon no. REP ROT FLIP CONROT EB VOL DF BPS BPF

120 7.0 18.1 77.8 9.5 0.2 10.2 67.2 1.1 3.8
300 6.9 17.3 78.1 8.9 0.2 8.0 67.3 1.2 3.9
600 8.0 18.2 78.3 8.5 0.2 5.6 67.1 0.9 4.0

P(θ2,θbp,2,θbp,3) ∝ 2πb3
2 bq

2 exp[-âUbend(θ2)]

∏
i)2

3

exp[-âUbend(θbp,i)] sin(θ2) sin(θbp,2) sin(θbp,3)

[1 - cos2(θ2) - cos2(θbp,2) - cos2(θbp,3) -
2 cos(θ2) cos(θbp,2) cos(θbp,3)]

1/2

dθ2 dθbp,2 dθbp,3 (19)

F(θ2) )
∫0

π
dθbp,2∫0

π
dθbp,3 P(θ2,θbp,2,θbp,3)

∫0

π
dθ2∫0

π
dθbp,2∫0

π
dθbp,3 P(θ2,θbp,2,θbp,3)

(20)
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density (within a statistical uncertainty), and the
elementary moves utilized result in uniform sampling
of the branch length. The probability distribution for
the average size (number of carbons) of the tristar chain
can be derived easily from the branch distributions. The
sum, n, of three integer random variables distributed
uniformly in the interval [a, b] (corresponding to the
three branches) is governed by the probability density
function (eq 21).
The shape of this distribution is already close to a
Gaussian. (It would be expected to become Gaussian for
stars of many arms.) In our case, n is the number of
atoms of the chain and a, b are the lower and upper
bounds in the uniform distribution of each branch.

The probability distribution of the total chain size in
our simulated symmetric triarm C120 star melt is
depicted in Figure 11a. In the same figure, the analyti-
cal distribution calculated from eq 21 and a Gaussian
fit to the simulation data are shown. The good agree-
ment between the theoretical curve and the simulation
results confirms that the molecular weight distribution
can be fully controlled in our triarm star melt simula-
tion. In the case of C600 (Figure 11b), a noticeable
difference is observed between the Gaussian fit and the
analytical distribution. The reason for this is the size
of the system (the simulation box contains only four
chains in the latter case). Very long and very short
chains are more active as victims or attackers during
the end-bridging move, so their residence time in the
system is short. Hence, the calculated distribution (for
the branches and consequently for the chains) is aug-
mented near the mean value and diminished at the
edges. To verify this, a simulation was performed in an
ideal system of phantom branched chains (absence of
any kind of inter- and intramolecular interactions)
where random mixing occurs (each end can attack all
the atoms of all the other chains). As shown in Figure
12a,b, as the number of chains increases, the calculated
branch length and chain length distributions coincide
with the “expected” distributions. Interestingly, for the
same number of chains, the distributions calculated
from the ideal and the “real” system are nearly the
same.

It is well-known, both experimentally and theoreti-
cally, that the squared radius of gyration (RG) of a
polymer melt varies linearly with the molecular weight.25

Our MC simulation results for the triarm C600 with ∆
) 0.5 follow this trend, as shown in Figure 13. It should
be noted that chains of very low (for carbon number
between 300 and 450) and of very high (for carbon
number between 750 and 900) size are not sampled
adequately during the simulation, and so there is
considerable scatter from the overall trend. Results for
these low and high ends in the spectrum of chain size
are shown as points in Figure 13.

Furthermore, the size of individual arms has been
calculated as a function of arm length. In Figure 14,

the mean-squared distance from the arm end to the
branch point, normalized with respect to the squared
bond length, is shown as a function of the arm carbon
number for the three arms of the triarm star polymer.
In all cases, the mean-squared arm size is a linear
function of the carbon number (within statistical un-
certainty).

The pair radial distribution functions of the triarm
symmetric polymers under examination at 450 K and
0.1 MPa are shown in Figure 15. In all cases, g(r) for
the CH3-CH2 pair exhibits a much higher peak than
g(r) for the CH2-CH2 pair. This is due to the Lennard-
Jones energy parameter values used in TraPPE: εCH3-CH2/
kB ) 67.1 K while εCH2-CH2/kB ) 46 K, and so the former

Figure 11. Probability distribution of the chain size. (a) In a
melt of C120 triarm star chains with ∆ ) 0.5 at 450 K and 0.1
MPa from MC simulation (points). The Gaussian fit is of the
form (1/x2πσ) exp[-(n - nj)2/2σ2], with nj ∼ 120 and σ ∼ 20.6.
The solid line displays the analytical distribution, eq 21,
plotted with a ) 20 and b ) 60. (b) In a melt of C600 triarm
star chains with ∆ ) 0.5 at 450 K and 0.1 MPa from MC
simulation (points). The Gaussian fit is of the form (1/x2πσ)
exp[-(n - nj)2/2σ2], with nj ∼ 603 and σ ∼ 93.2. The solid line
displays the analytical distribution, eq 21, plotted with a )
100 and b ) 300.
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pair of UAs is more attractive than the latter. For
comparison, the same pair radial distribution functions
for the cases of linear analogues at the same conditions
are included in the figure. Interestingly, gCH3-CH2(r) for
the linear and branched polymers are similar, whereas
gCH2-CH2(r) is consistently higher for the linear polymer
than for the corresponding triarm star polymer. The
difference in gCH2-CH2(r) between the two polymers
reflects the fact that the triarm macromolecules are
more compact (denser) objects than linear chains of the

same molecular weight. As a consequence, they exhibit
a stronger “correlation hole” effect11,15 in the melt. This
effect becomes stronger with the increase of the MW of
the polymer chain. In the case of C600 the “correlation
hole” effect is noticeable even for the CH3-CH2 pair.

4.2. Chain Relaxation. An important consideration
for the elementary moves introduced here is whether
they are able to relax long chain molecules efficiently.
Some of the MC moves most widely used today, such
as configurational bias, CONROT, EB, DB etc., were
developed primarily to address this problem.8-14 In
Figure 16, the autocorrelation functions for three char-
acteristic vectors of a triarm symmetric C600 chain are
presented. An autocorrelation function is defined ac-
cording to the product 〈v̂0 ‚v̂i〉, where v̂0 and v̂i are the
unit vectors along a section of the chain at the beginning
of the simulation and after a certain number i of MC
moves. The different vectors recorded in the simulation
that characterize the geometry of the triarm chain or
part thereof are (a) the branch point vector, v̂bp, that is
the unit vector along the vectorial sum of the three
bonds converging at the branch point (with reference
to Figure 3: v̂bp ) (r2,q + r2,1 + r2,3)/|r2,q + r2,1 + r2,3|,
(b) the arm end-to-branch point unit vector, v̂eb, and (c)
the arm end-to-arm end unit vector, v̂ee.

Calculations presented in Figure 16 indicate clearly
that all three autocorrelation functions decay to zero
relatively fast, thanks to the MC moves used for this
system. The branch point vector seems to relax faster,
which indicates the efficiency of the new moves intro-
duced here specifically for this purpose. In Figure 17,
relaxation of v̂bp is shown for triarm chains of variable
size (C120, C300, and C600) and also for the C600 triarm
chain from a MC simulation without the use of BPS and
BPF. In the latter case the relaxation is considerably
slower, indicating the efficiency of the new moves in
relaxing the branch point and its neighboring atoms.
The new moves relax equally fast all the chain sizes
examined.

4.3. Volumetric Properties of Linear and Triarm
Star Polyolefins. The last section of this paper is
devoted to the melt density of the triarm star polymer
for different molecular sizes and its temperature de-
pendence. In Figure 18, MC simulation results are
presented for the mass density of the triarm symmetric
star C300 polymer and its corresponding linear polymer
at various temperatures and 0.1 MPa. Experimental

Figure 12. (a) Branch length and (b) chain size distributions
for an ideal system of branched chains (C600), where the
random mixing assumption holds. As the number of chains of
the system increases, the calculated distribution approaches
the “expected” distribution.

Figure 13. Chain squared radius of gyration as a function of
carbon number for a triarm C600 system at 450 K and 0.1 MPa.
In the lower (300-450) and higher (750-900) regions of carbon
numbers the statistics is very poor, and results are shown as
points.

Figure 14. Reduced values of the arm end to branch point
distance for the three branches and their average for a triarm
C600 system at 450 K and 0.1 MPa. The dashed line is the
linear fit to the average.
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data26 for high-density polyethylene (linear) and low-
density polyethylene (branched) are shown for compari-
son. At all temperatures, the melt density of the linear
polymer is higher than that of the triarm polymer.

Furthermore, MC simulation predictions for the linear
polyethylene agree well with the HDPE data, while
simulation predictions for the triarm star polyethylene
agree well with the LDPE data. It is concluded that
TraPPE is an accurate force field for density predictions
of polyolefins of variable architecture.

Figure 15. Pair radial distribution functions for (a) the linear
C120 and triarm C120 (3 × 40) polymers (sixteen chains), (b)
the linear C300 and triarm C300 (3 × 100) polymers (six chains),
and (c) the linear C600 and triarm C600 (3 × 200) polymers (four
chains), at 450 K and 0.1 MPa. In all cases the run length
was 5 × 107 moves. Curves were generated from 1000
configurations evenly distributed throughout the run.

Figure 16. Relaxation of the characteristic vectors of sym-
metric triarm star C600 (3 × 200) chains in a melt at 450 K
and 0.1 MPa. Simulation was performed on an Athlon MP1800+
for a total duration of 1.4 × 105 CPU s.

Figure 17. Relaxation of the branch point characteristic
vector, v̂bp, of triarm star chain melts of variable chain size
(C120, C300, C600) at 450 K and 0.1 MPa. Results for triarm star
C600 are also shown from a MC simulation with the following
distribution of moves: 10% reptation, 6% rotation, 6% flip,
25.5% CONROT, 52% end-bridging, 0.5% volume fluctuation.

Figure 18. Melt density of triarm C300 and linear C300 at 450,
475, 500, 525, and 550 K and 0.1 MPa from MC simulation.
Experimental data26 for HDPE and LDPE are shown for
comparison.
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Finally, in Figure 19 a comparison is shown for the
melt density of triarm star polyethylenes of different
molecular sizes, namely C120, C300, and C600, as predicted
from MC simulation. As one might expect, melt density
increases with increasing molecular weight at constant
temperature and pressure.

5. Conclusions
In this work novel elementary MC moves for the

simulation of chain molecules were developed. The
moves focus specifically on the efficient equilibration of
branch point(s). It was shown that these moves result
in efficient relaxation of systems of triarm star chain
molecules of considerable molecular weight. A combina-
tion of existing and new moves was used for the
calculation of structure and thermodynamic properties
of triarm star polyethylene. This work focused entirely
on pure polymers. In a future publication, mixtures of
linear and branched polyolefins will be examined,
aiming at an understanding of molecular aspects of
polymer blend miscibility.
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Appendix A. Jacobian for the Flip Move
The Jacobian of the flip move transformation, eq 8,

is

To calculate JF, the following partial derivatives need
to be calculated:

where R is the radius of circle C (Figure 4) and ûi stands
for the unit vector along bond bi.

Knowing that

eq A.4 results in

Substituting eqs A.2, A.3, and A.7 in eq A.1, the
Jacobian of the flip move is finally obtained:

Appendix B. Jacobian for the Dimer Flip Move
The evaluation of the Jacobian of eq 14 becomes easier

if the transformation is performed in two steps:

We have (see Figure 5)

where û2, û3, and û4 are unit vectors along the bonds
b2, b3, and b4, respectively. Combination of eqs B.2 and
B.3 results in the following expression:

Figure 19. Melt density of triarm C120, C300, and C600 at 450,
475, 500, 525, and 550 K and 0.1 MPa from MC simulation.
The solid lines are fit to the simulation results and are drawn
to guide the eye.
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û3 × û2
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2 - 1]| )

b2b3|cos2(θ2) - 1|
b2

2 + b3
2 - 2b2b3 cos(θ2)

)
b2b3 sin2(θ2)

b2
2 + b3

2 - 2b2b3 cos(θ2)

(A.8)

{r2,r3} 98
A

{r2,l13,b4,ω3} 98
B

{b2,b3,ω2,l13,b4,ω3} (B.1)

∂r3

∂l13
)

∂(r3 - r1)
∂l13

)
r3 - r1

l13
)

b2 + b3

l13
)
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|(r4 - r1)|
(B.3)

∂r3

∂b4
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The Jacobian for the second transformation is the same
as for the simple flip move (Appendix A):

Substitution of eqs B.5 and B.6 in eq B.1 results in

Extending the above reasoning, it is easy to derive
the Jacobian for the n-mer flip move as the product of
n - 1 Jacobians of type JA concerning mers 3,...n, n +
1, and a last Jacobian of type JB concerning mer 2:
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